A study of the beat frequencies between modes of a helium-neon laser by Bordelon, John Henry
In presenting the dissertation as a partial fulfillment of • 
the requirements for an advanced degree from the Georgia 
Institute of Technology, I agree that the Library of the 
Institute shall make it available for inspection and 
circulation in accordance with its regulations governing 
materials of this type. I agree that permission to copy 
from, or to publish from, this dissertation may be granted 
by the professor under whose direction it was written, or, 
in his absence, by the Dean of the Graduate Division when 
such copying or publication is solely for scholarly purposes 
and does not involve potential financial gain. It is under-
stood that any copying from^ or publication of, this dis-
sertation which involves potential financial gain will not 
be allowed without written permission. 
^ 
<ffc<y. ft*"-* **" y /,-~s-
3/17/65 
b 
A STUDY OF THE BEAT FREQUENCIES 
BETWEEN MODES OF A HELIUM-NEON LASER 
A THESIS 
Presen ted to 
The Faculty of the Graduate Division 
by 
John Henry Bordelon 
In Par t i a l Fulfillment 
of the Requirements for the Degree 
Master of Science in E lec t r i ca l Engineering 
Georgia Institute of Technology 
June, 1966 
A STUDY OF THE BEAT FREQUENCIES 
BETWEEN MODES OF A HELIUM-NEON LASER 
Approved: 
— _ — — — ^ _ ^ _ _ ^ Q . 
Jhairman 
Date approved by Chairman: : l/{4/& 
ACKNOWLEDGMENTS 
The author wishes to thank his thes is advisor , Dr . William B. 
Jones , J r . , for suggesting the subject of this thes i s and for his patient 
c r i t i c i s m and ass i s t ance during the two ye a r s requi red for i ts comple-
t ion. Thanks a r e also due to the other m e m b e r s of the reading 
commit tee , Dr . Roger P . Webb and Dr . Howard D. Edwards . 
The author also wishes to thank his friends and re la t ives who lent 
m o r a l support to him through many days of effort, f rustrat ion, and 
r eward . 
i i i 
TABLE OF CONTENTS 
Page 
ACKNOWLEDGMENTS . . f . . . . . . . . i i 
LIST OF ILLUSTRATIONS . . , . iv 
SUMMARY v 
Chapter 
I. INTRODUCTION . .. . . . . . . . . . . . . . . . . . 1 
II. REVIEW OF THE PERTINENT LITERATURE . . . . 3 
H I . ' INSTRUMENTATION AND EQUIPMENT . . . . . . . 10 
IV. PROCEDURE . ' . . . . . / . . . . . . . 15 
V. DISCUSSION QF RESULTS . . . . . . . . . . . . . 17 
Beat Frequency Measurements 
Mode Analysis F r o m Beat Frequency Studies 
VI. CONCLUSIONS 40 
BIBLIOGRAPHY . . . . . . ' . . . . . . . 42 
LIST OF ILLUSTRATIONS 
Figure Page 
1. Pulling of Cavity Resonances Toward Line Center . . . 6 
2 . Physica l Ar rangement of L a s e r and 
Detection Apparatus . . . . . . . . ; . H 
3 . Block Diagram of Detection Apparatus . . . . . . . . 13 
4 . Apparent Inc rease in Path Length Through 
Brewste r Window . . . . . . . . . . . . . . . . . 18 
,5 . Spherical Wave Front Impinging on Brews te r 
Window in Horizontal P lane . . . . . . . . . . . , . 25 
6. Detail of F igure 5 . . . . . . , . . . . . . - . . , . . . 25 
7. Spherical Wave Front Impinging on Brews te r 
Window in Ver t ica l Plane 28 
8. Annular Mode Pa t t e rn Result ing F r o m 
Combination of 10 and 01 Modes . , T . 31 
9. Superposition of 01 and 10 Modes to F o r m 
Annular Mode . . . . . . . . 32 
10. Spectral Diagram Explaining P r e s e n c e of Sidebeats 
With Longitudinal Beat Frequency . . . . . . . . . . 33 
11. Mode Pa t t e rn Investigated . . . . . . . . . . . . . 34 
12. Another Mode Pa t t e rn Investigated . . . . . . . . . 35 
13. Mode Frequency Diagram Explaining Split, In 
T r a n s v e r s e Beat Frequency . . . . . . . . . . . . 36 
14. Another Mode Pa t te rn Studied 37 
15. Beat Frequencies Appearing on Spectrum Analyzer . . 39 
16. Mode Spectrum Explaining Beat Frequencies 
in F igure 15. . . . . . . . . . . 39 
A - l . Photomult ipl ier Por t ion of Detection Assembly . . T . 44 
A - 2 . Video Amplifier Por t ion of Detection Assembly . . . . 45 
V 
SUMMARY 
The usual type of hel ium-neon l a se r ut i l izes an optical cavity with 
m i r r o r s separa ted by a dis tance in the o rde r of magni tude of 1 m e t e r . 
The tube containing the gas mixture is usually closed at the ends by 
windows oriented at the Brews te r angle . This feature min imizes r e f l ec -
tions from the windows and thereby resu l t s in a cavity of higher Q. It 
a lso causes the output light to be polar ized in the axial plane of the 
Brews te r window n o r m a l . This effect is also helpful, because otherwise 
the polar izat ion of the output light has been found by experiment to vary 
randomly with t i m e . 
Depending upon the conditions of operat ion, the l a s e r may produce 
one or many d i sc re t e optical f requencies . The frequencies of these 
osci l lat ions a r e predictable from the spacing of the m i r r o r s and the i r 
rad i i of c u r v a t u r e . 
In this r e s e a r c h , a study of the beat frequencies between the 
oscil lating modes has been made by generating the beat frequencies in a 
photomultipl ier tube and examining them with a radio frequency spectrurn 
ana lyzer , ©ifferences between the theore t ica l and observed values of the 
beat frequencies have been found. The magnitudes of the differences 
depend principal ly, it appears , on which modes of osci l lat ion a r e p resen t 
in the l a se r and on how each mode is spatial ly or iented with respect to 
the Brews te r windows. An attempt is made to show that the Brews te r 
windows a r e the pr incipal , if not the only, cause of the differences 
observed . 
VI 
Beat frequency studies have been used to de te rmine the modes of 
osci l lat ion p resen t in the l a s e r . In many cases the analysis is made 
eas i e r by the p resence of the differences d iscussed above. 
Some exper imenta l techniques which a r e useful in beat frequency 
studies a r e desc r ibed . Chief among these is the use of an i r i s external 
to the optical cavity to allow only cer ta in smal l port ions of the output 




A gas l a s e r in its basic form is a l ight-frequency osc i l l a to r . Like 
other osc i l la tors designed to del iver a useful output, it i s composed of a 
resonant sys t em and a gain mechanism for r e s to r ing energy lost both in 
the resonant sys tem and as output taken off. The gain mechan i sm is the 
st imulated emiss ion of radiat ion from atoms in an excited s t a t e . The 
energy s tored in the gas is supplied by e lec t r ica l excitat ion. The gain 
mechan i sm is spat ial , s ince light signals passing through different gas 
volumes do not affect one another . It is also frequency dependent, the 
available gain depending upon the frequency to be amplified. The gain 
ve r sus frequency plot r e sembles a resonance c u r v e . 
The resonant s y s t e m is an optical i n t e r f e rome te r , composed of 
two m i r r o r s placed near the ends of the tube . These m i r r o r s a r e made 
ref lect ive by mu l t i p l e coatings of d ie lec t r ic m a t e r i a l . The smal l fraction 
of the light energy which is not reflected is t r ansmi t t ed through the 
m i r r o r as useful output. This opticeil resona tor has dimensions many 
o rde r s of magnitude g rea t e r than the optical wavelengths being handled, 
As is shown in Chapter II, it has many resonant f requencies , or possible 
m o d e s of osci l la t ion. Depending upon the m i r r o r adjustment and 
spacing, and the degree of excitation of the gas, one or m o r e of these 
modes of oscil lat ion may be in operat ion. 
2 
Since the width of the gas resonance for hel ium-neon operating at 
o 
6328 A is about 1 GHz. , and the optical frequencies involved a r e 
approximately 475 THz. , conventional optical spec t rographs cannot 
easily provide the resolut ion n e c e s s a r y to d i sce rn each mode . In order 
to study the modes of oscil lat ion, then, some other method must be used . 
Radio frequency spec t rum analyzers a r e superheterodyne r e c e i v e r s with 
a visual display. If another latser having a single mode of oscil lat ion 
could be used as a local osci l la tor together with an optical mixer , an 
optical spec t rum analyzer of the superheterodyne type could be con-
s t ruc ted . This approach is quite poss ib le . There is a somewhat 
s impler and l e s s expensive approach, however; this is to examine the 
beat frequencies between the modes of oscil lat ion of the l a s e r . This 
approach is l e s s di rect but, in some r e s p e c t s , m o r e sat isfactory; it 
may be accomplished by allowing the beam to fall on the photocathode of 
a photomultiplier tube . Because the tube is a square - law device, the 
beat frequencies appear at the output and may be studied with a radio 
frequency spec t rum analyzer., Much about the behavior of the l a se r may 
be deduced from such s tud ies . 
It was the purpose of this r e s e a r c h to study the beat frequencies 
between modes of a hel ium-neon l a s e r . The existence of beat frequencies 
predicted by theory has been confirmed and the i r p roper t i e s studied to 
some d e g r e e . The usefulness of beat frequency investigations to identify 
the modes of oscil lat ion present has been investigated and useful exper i -
menta l p rocedures have been developed. 
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CHAPTER II 
REVIEW OF THE PERTINENT LITERATURE 
Pr io r to, and in the ear ly stages of development of l a s e r s , severa l 
papers appeared on the resonant modes of optical cavit ies of the type 
used in l a s e r s . Pape r s were published on optical cavit ies using plane 
m i r r o r s and on cavities using spher ica l m i r r o r s . Because the l a s e r 
used in this r e s e a r c h used spher ica l m i r r o r s , papers on this type a r e of 
chief i n t e r e s t . Of p r i n c i p a l i n t e r e s t a r e t h o s e by Boyd and G o r d o n , and 
Boyd and Kogelnik . Boyd and Gordon show resu l t s for the confocal 
r esona to r , one in which the two spher ica l m i r r o r s have equal radi i of 
curva ture and a common focus. Boyd and Kogelnik show resu l t s for a 
genera l resona tor having separa t ion d and radi i of curva ture bi and b2 . 
The confocal case is thereby included. The case of plane, pa ra l le l 
m i r r o r s is not included. The Boyd and Kogelnik formulas a r e 
v = ( ^ J L q + (1+m+n)f 
f = — a rc cos 





where c is the free space velocity of light, and q, m and n a r e in tegers 
which define, the var ious resonant modes of the cavity. 
The splitting factor, f, can vary from 0 to 1. For the confocal 
case , where bx = b 3 = d, f=-g. 
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Modes which have the same m and n but different values of q a r e 
said to be longitudinal m o d e s . It can be seen that with m and n constant 
tha t longitudinal modes a r e separa ted by integer mult iples of the quantity 
c /2d . This separat ion is r e f e r r ed to as the longitudinal frequency, or 
when observed as a beat frequency, as the longitudinal beat frequency. 
It is 
VB= ^ . (3) 
It i s the same for all values of m and n. 
A group of longitudinal modes having the s a m e m and n consti tute 
a t r a n s v e r s e mode se t . Beat: frequencies a r i s ing between longitudinal 
modes belonging to different t r a n s v e r s e mode sets a r e called t r a n s v e r s e 
beat f requencies . This beat frequency is ze ro if the two longitudinal 
modes have the same q and if (m + n). is the same for both. Otherwise the 
t r a n s v e r s e beat frequency is 
Vt - A(m+n)f l / e . (4) 
Because the modes of the resonator contain essent ia l ly no axial 
components of field, a mode is usually called a TEM mode . In this 
paper a pa r t i cu la r t r a n s v e r s e mode set is identified as an mn mode set, 
as for example the 10 mode se t . 
The actual frequencies of the modes in a hel ium-neon l a s e r do not 
occur exactly at the res.onant frequencies of the optical cavity. For one 
thing, the frequency cha rac t e r i s t i c of the gas causes the actual modes to 
shift from the cavity resonant frequencies toward the center frequency of 
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the gas r e sonance . As pointed out by Bennett1, the "pulling" i nc reases 
with increas ing excitation of the gas and va r i e s with the dis tance of the 
cavity resonance from the center frequency of the gas resonance . The 
puHing is g rea te r for modes far ther from the cen te r . It would be 
expected then that the longitudinal beat frequency, VQ , would be split into 
two or m o r e different frequencies . Bennett a lso shows that depletion of 
energy s ta tes by an oscil lat ing mode a l t e r s the shape of the gas 
resonance curve so as to cause adjacent modes to move apa r t . The 
var ious modes , in effect, adjust the i r frequencies so as to a r r i v e at the 
peaks of the curve that is the resul t of the optical cavity resonances and 
the a l te red gas resonance curve . The degree to which one mode repels 
another depends on the amount of gas volume shared in common by the 
two m o d e s . 
The pulling of modes toward the center of the gas resonance can be 
expressed approximate ly . Lengyel and Bennett show that the co r rec t ed 
frequency of oscil lat ion is 
Av 
V = V c + {Vm'V SIT > (5) 
m 
where V and V a r e the cavity resonance and the gas resonance center , c m ' ° 
f requencies , respec t ive ly . The A V and A V t e r m s a r e the widths of the 
r e s o n a n c e s . Bennett8 gives the gas resonance width as about 1500 MHz. 
For the TEM an mode, Boyd and Gordon give the resonator Q as 
where a is the fractional power loss per reflection from a m i r r o r s u r -
face. The m i r r o r separat ion is d. For a loss per reflection of 
5 percent , which is typical when Brewste r window losses a r e taken into 
o 
account, and a d= 150 c m . , Q « 3x 10 at 6328 A. For a mode sepa-
ra ted from V by 100 MHz. , the pulling is about 100,KHz. This 
m 
inc rea se s proport ionately as the separat ion V — V i n c r e a s e s . 
The question as to whether or not the longitudinal beat frequency, 
V , will be split can be answered to a f irs t approximation by the de r iva -
tion below, where th ree modes a r e considered to be osci l la t ing. The 
derivat ion can be extended to as many modes as des i r ed . 
> V 
m 
Figure 1. Pulling of Cavity Resonances Toward Line Center 
The nomencla ture used in the derivation is defined in Figure 1. Unprimed 
t e r m s a re used for frequencies found from, cavity dimensions and pr imed 
t e r m s a r e used for frequencies found when mode pulling is taken into 
account. The pulling toward the line center , V , is K(l/ —V ) where V r & m n m n 
is the cavity resonance 14 , l£ , l& . 
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v2 - H = H> «£ - ^ = «6 f i = f 8 = % 
14' •= 14. + K(i/e *•=Av)- q = ij; - ^ 
i/a- = i/B - K ( A I / ) f3 = i/3- - va« 
f i = ^s ~ K ( A v ) - ^ - -K( i^ - Ai/) = FQ - Ki£ 
fa = ^ - K(i;e + Al/) - l/8 + K(Al/) = VQ - Kl/Q 
T h e r e f o r e , to a f i r s t a p p r o x i m a t i o n , t h e l ong i tud ina l b e a t frequency-
should not be s p l i t . 
The m o d e r e p u l s i o n effect cannot b e e x p r e s s e d i n a m a t h e m a t i c a l 
f o r m tha t l ends i t s e l f to d i r e c t a p p l i c a t i o n excep t for one or two s p e c i a l 
c a s e s . A few th ings m a y b e sa id q u a l i t a t i v e l y h o w e v e r . When a m o d e 
o s c i l l a t e s at a p a r t i c u l a r f r e q u e n c y , a ho l e of t h e o r d e r of the n a t u r a l 
l i ne w id th i s b u r n e d in t h e D o p p l e r b r o a d e n e d l i n e . Thus t h e s h a p e of 
t h e g a s r e s o n a n c e c u r v e is modified;, and n e a r b y m o d e s a r e r e p e l l e d 
f r o m t h e h o l e . The b o t t o m of the ho le i s the t h r e s h o l d l e v e l for t h e p a r -
t i c u l a r s y s t e m , so tha t the s m a l l e r the a v a i l a b l e ga in above t h r e s h o l d , 
t he l e s s t he d i s t o r t i o n of t he r e s o n a n c e c u r v e and the s m a l l e r i s t h e 
r e p u l s i o n ef fec t . The r e p u l s i o n i s g r e a t e r for m o d e s c l o s e t o g e t h e r in 
f r e q u e n c y . The wid th and dep th of the hole i n c r e a s e a s t he ga in above 
t h r e s h o l d i n c r e a s e s . Benne t t o b s e r v e d r e p u l s i o n s of t he o r d e r of 3G K H z . 
0 
At t h e 6328 A t r a n s i t i o n , ga in above t h r e s h o l d i s s m a l l e r and r e p u l s i o n 
should be l e s s . It should be p o s s i b l e , by u s i n g t h e l a s e r w i th s p h e r i c a l 
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r e f l ec to r s , to move modes much closer together than the 160 MHz. used 
by Bennett, and to therefore observe much l a r g e r repulsion effects if 
the modes used occupy considerable common mode volume. 
Many invest igators have used beat frequency studies to l ea rn of 
some par t icu lar cha rac t e r i s t i c of the gas l a s e r . Bennett1 uti l ized beat 
frequency studies in his work on mode pulling. Goldsborough uses 
observat ion of the beat frequencies to identify the t r a n s v e r s e mode sets 
p resen t in complex output pa t t e rns . He deals only with the s implest 
c a s e s , however . He also observes that the longitudinal beat frequency 
for different t r a n s v e r s e mode sets is not the s a m e . He concludes that 
this can be explained by Bennett 's mode- repu ls ion theory . The splits he 
observes a r e of sma l l e r magnitude than those observed by Bennett, but 
s ince the degree of repuls ion is dependent upon the gain of the gas 
o 
resonance , and the gain at 632*8 A is much sma l l e r than at the wave-
length used by Bennett, Goldsborough concludes that his r e su l t s a re 
r easonab le . 
Goldsborough's experimental technique has at leas t one fault. He 
shows that beat frequencies between modes of different t r a n s v e r s e mode 
sets cannot be observed when the ent ire beam falls on the photocathode 
of the photomultiplier tube used to genera te the b e a t s . This phenomenon 
is due to the fact that the eigenfunctions descr ibing each mode form an 
orthogonal se t . Although the same beat frequency may a r i s e out of the 
superposi t ion of two modes at var ious points on the photomultiplier 
photocathode, the re la t ive phases of the beat frequencies will be such that 
they will cancel out and no beat frequency will be observed . To avoid 
this cancelling effect, he m e r e l y blocks off l a rge a r e a s of the light 
pa t te rn before it r eaches the photomultiplier tube in the hope of d e s -
troying the s y m m e t r y of the pat tern so that beat frequencies will be 
observed . This m a s k i n g technique which he uses leaves a number of 
things to be des i r ed . F i r s t , t h e r e is no a s s u r a n c e that the coa r se 
masking technique as he uses it will yield the des i red beat f requencies . 
Secondly, the method does not revea l from which a r e a s of the light output 
pa t t e rn the beat frequencies or ig ina te . Also, if all the poss ible beat 
frequencies a r e displayed, the sensit ivi ty of the photomultiplier tube is 
great ly reduced. 
Subsequent to this r e s e a r c h a paper was published by Uchida 
which contains another point of i n t e r e s t . It is shown that spatial ly inde-
pendent modes of the same t r a n s v e r s e order , that i s , ones having the 
s ame (m+n) , do not osci l la te at the frequencies predic ted by theory . 
Splits of the order of 0 to 1.5 MHz. occu r red . 
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CHAPTER III 
INSTRUMENTATION AND EQUIPMENT 
The l a se r tube used for these studies was a commerc ia l he l ium-
neon unit of s tandard design. Figure 2 shows in schemat ic form how the 
tube was a r ranged in re la t ion to the other optical equipment employed 
and to the detection appara tus . Inside d iameter of the quartz tube was 
5 m m . The end bel ls and Brewste r windows were 7056 g l a s s . The tube 
•was supported above an optical bench, on which r e s t ed the two spher ica l 
m i r r o r s forming the resonant cavity. The m i r r o r s each had a radius of 
curva ture of one m e t e r . The position of the m i r r o r s was adjustable 
along the bench. A var iable i r i s wais available for use within the optical 
cavity for suppress ion of undes i red modes . The l a s e r was radio 
frequency excited. The excitation frequency was 28 MHz. 
Essent ia l to this r e s e a r c h was the ability to use an external 
adjustable i r i s so as to allow only cer ta in portions of the emerging light 
pa t te rn to pass on to the beat frequency detecting appa ra tu s . Two s y s -
t ems w e r e t r i ed . The detection apparatus was about ten feet from one 
end of the l a s e r . At f irst the beam was enlarged with a diverging lens 
and the i r i s was placed at a point where the b e a m had become l a rge 
enough that port ions of the light pat tern could be fair ly easi ly d i scerned 
and masked with the i r i s . A converging lens sys tem was then used to 
r e s t o r e pa ra l l e l i sm to the beam so that it would not diverge in t ravel l ing 
M i r 
Photomultipli er 
tube and video 
amplifier 
External 
AdjuSjtable Ir is 
Internal 
Adjustable I r is 
F igure 2 . Phys ica l Arrangement of L a s e r and Detection Apparatus 
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the remaining distance to the detection appa ra tus . Due to the 'poor 
quality of the lenses used, it became apparent that the exper imental 
r e su l t s were being rendered use less by d is tor t ion in the lenses , This 
sys tem was abandoned. Instead, the i r i s was placed close to the de tec-
tion equipment where the beam, had enlarged sufficiently for detai ls to be 
d iscern ib le in the pa t t e rn . The photomultiplier was operated inside a 
tubular light shield, with a 3 /8" hole for en t rance of the l a se r beam at 
one end. A red filter was placed over the hole to aid in excluding room 
l ight . A sys tem which allowed the remaining light to be concentrated at 
a smal l spot near the center of the photomultiplier tube photocathode 
would be the mos t d e s i r a b l e . The frequency response of photomultiplier 
tubes is much be t te r under such condit ions. 
The detection apparatus consisted of a photomultipl ier tube 
coupled to a wideband video ampl i f ier . The output of the video amplifier 
was examined on a spec t rum ana lyze r . F igure 3 is a block d i ag ram of 
the detection appa ra tus . The photomultiplier was an RGA type 7102. A 
var iab le voltage power supply was used to supply high voltage to the 
photomultiplier voltage divider s t r ing . An external vacuum tube volt-
m e t e r was used to monitor the photomultiplier anode c u r r e n t . The a m -
plifier had a gain of 30 db. which wsis fair ly uniform from 2 MHz. to 
300 MHz. A detailed descr ip t ion of the amplifier may be found in the 
appendix. The output of the video amplif ier was fed through 50 ohm 
coaxial cable to the spec t rum ana lyze r . The spec t rum ana lyzer was a 
Tektronix Model L20 plug-in unit for the Tektronix Model 545B osc i l lo -
scope . An accura te signal genera tor was available for frequency 















F igure 3 . Block Diagram of Detection Apparatus 
oo 
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Because radio frequency excitation was used for the l a s e r , in ter^ 
ference from the source was a p rob lem. This was eliminated as a 
p rob lem by bonding the chass i s of each piece of equipment to a l a rge 
copper ground sc r een placed on the workbench. The photomultiplier 
tube c i rcui ts and the video amplifier w e r e all built in a shielded 
aluminum c h a s s i s . 
The cha rac t e r i s t i c s of the photomultiplier tube a r e quite important 
o 
to this r e s e a r c h . In choosing a suitable tube, good sensit ivity at 6328 A 
was des i red , along with good frequency r e s p o n s e . The type 7102 seemed 




To obtain a des i red mode or modes in the l a s e r , the m i r r o r s w e r e 
adjusted in the i r moun t s . An i r i s placed in the cavity made it possible 
to d i sc r imina te against higher order modes by l imit ing the rad ia l extent 
of the b e a m . Visual inspection was usually sufficient to de te rmine what 
modes were p resen t in s imple c a s e s . 
To set the l a s e r to a des i red longitudinal beat frequency, the 
spec t rum analyzer was set to the des i red frequency by observing a sig^ 
nal of the des i r ed frequency from an accura t e signal gene ra to r . The 
m i r r o r s w e r e then moved until the longitudinal beat frequency appeared 
at the same point as the m a r k e r signal on the spec t rum ana lyzer . 
Accuracy was be t te r than ±50 KHz. 
In o rde r to m e a s u r e a beat frequency, mos t tuning of the spec t rum 
analyzer was done with a d i spers ion of ±500 KHz. After locating a beat 
frequency, the signal genera tor was substi tuted as a signal source and 
tuned to the same frequency as observed on the spec t rum ana lyze r . The 
signal genera to r was then cal ibrated with its in te rna l s tandard at the 
n e a r e s t 1 MHz. point and then tuned back to the beat frequency for 
m e a s u r e m e n t . Accuracy was ±100 KHz. or b e t t e r . 
Measurement of the length of the cavity was accomplished with a 
s tee l t ape . 
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The determinat ion of modes presen t in a pa t te rn was dependent 
upon the i r i s external to the l a se r cavity. When examining a pa t te rn for 
beat f requencies , the i r i s was first used to examine the center of the 
pa t te rn only, then the outermost bright spots, to de te rmine if they were 
pa r t s of single modes or contained par t s of m o r e than one mode . Then, 
from the evidence gained in this maimer , a reasonable assumpt ion was 
made as to the modes p r e sen t . Examination of other prominent port ions 
of the pa t te rn aided in confirming or modifying the original assumpt ion . 
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CHAPTER V 
DISCUSSION OF RESULTS 
Beat Frequency Measurement 
The first observations of interest pertained to beat frequencies 
which should exist for given transverse mode sets. The spacing of the 
mirrors was adjusted so that the longitudinal beat frequency, l^, existed 
at a desired frequency. The distance between the mirrors was measured 
and compared to the value obtained from equation (3). The data are 
summarized in Table 1. 
Table 1. Measured and Calculated Values of Mirror 
Separation For Various Values of l£. 
Hi d (measured) d (calculated) difference 
115 MHz. 129.7 c m . 130.4 cm. 0.7 cm. 
112 133.2 134.0 0 . 8 
110 135.7 136.3 0 . 6 
104 143.4 144. 1 0 .7 
98 152.3 153.0 P.7 
The average difference is 7 mm. Part of the error is due to the 
Brewster windows with their greater index of refraction as shown in the 
following derivation. Referring to Figure 4 and using Snell's law, it can 
be seen that 
. Q sin 56.6° 0.8348 n c , . . 
S i n 0 = " T 4 8 - = ~"48" = ° ' 5 6 3 ' 
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incident r ay * 
Brews te r window 
€r ;= 1.48 
F igure 4 . Apparent Inc rease in Path Length Through Brewste r Window 
P = 34.25 
The dis tance through the window is then 
0.63 0.63 
cosjS ~ 0.82^5" = 0.76.2 era. 
In o rde r to find i 0
 t n e angle G' mus t be Iqiown, 
a = 56.6° - 34.25° = 22.35 
Therefore 
i 0 = 7.62 cos 22. 35° = 0.704 cm 
The apparent i n c r e a s e in d is 
Ai = 2[(0 . 762) (1.48) - 0.704] = 8 . 5 m m , 
19 
Also to be considered is the fact that l^ will be somewhat lower than the 
expected value by the factor KVQ . With a VQ of 115 MHz. , KVQ *= 115 KHz 
Therefore , to es tabl ish a given l£ , the cavity must be made somewhat 
shor t e r than the value predic ted by equation (3). The amount may be 
found from 
bVn c 3 x 10 0 0 ^ ^ r * 
fcP" = " 2& = "" 2]T7304p = " 8 8 K H z - / m m ' 
The amount by which the spacing must be dec reased is 
1115 . . . 
-g^-- = 1 . 3 m m . 
Therefore the total difference between calculated and measu red d should 
be 9,8 m m . but the observed value is 7 m m . The d i sc repancy has not 
been explained but is quite likely due to e r r o r in m e a s u r e m e n t of the 
dis tance between the m i r r o r s . 
The appearance of the longitudinal beat frequency on the spec t rum 
analyzer depended on the adjustment of the l a s e r . With only one mode 
set present , the beat frequency was sharp and c lea r ly defined, but with 
m o r e than one mode set availaible the beat frequency was not so sha rp 
and was quite noisy in appearance* The p re sence of split t ings between 
longitudinal beat frequencies of different mode se ts and within mode sets 
is the probable cause . Uchida has studied these in deta i l . Unfortu-r 
nately, a t tempts to study the longitudinal b^at frequency using g rea t e r 
resolut ion in the spec t rum analyzer only yielded hints of spl i t t ing. T|*e 
instabi l i ty of the l a s e r used tended to m a s k these effects. 
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A large amount of data was taken concerning beat frequencies 
between modes of different transverse order. The procedure again was 
to set VQ at a desired value and then to adjust the laser to produce 
certain desired modes . Visual inspection was used for mode determina** 
tion, since only low order modes were used. This procedure entailed 
many hours of trial and error. An additional, though not serious diffi-
culty, is the tendency for modes of lower transverse orcler to extinguish 
on the appearance of a higher order mode. Rigrod has observed and 
discussed this phenomenon. 
When the desired modes were obtained, the entire frequency range 
below VQ was covered and the observed beat frequencies recorded. In 
some cases , one or two modes more than the ones listed may have been 
present. The modes recorded are those between which the given beat 
frequencies were observed. The error is the difference between the 
frequencies observed and those computed from equations (2) and (3) and 
listed in Table 2. Blanks appear where data were not taken. The data 
appear in Table 3 . 
Table 2. Theoretical Values of d and v and for Various Values of VL 
83 MHz, 180.8 cm. 66 .2 MHz 
94 159.6 66. 1 
98 153.0 66 .4 
104 144.1 67,1 
110 136,3 68 ,0 
112 134.0 68 .3 
115 130.4 68 .8 
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Tab le 3 . Observed T r a n s v e r s e Beat Frequenc ies 



















1. 1 00 & 01 
1.7 00 & 11 
1.2 00 & 01 
1.7 00 & U 
0.3 00 & 10 
0,7 00 & 20 
1.1 00 & 01 
2.2 00 & 02 
1.3 00 & 01 
2.5 00 & 02 
The consis tency of these e r r o r s led to m o r e exper iments in which 
the purpose was to de te rmine if the e r r o r s would change if the r e sona to r 
axis w e r e shifted with respec t to the tube axis or if one of the m i r r o r s 
were rotated about i t s a x i s . The data in Table 4 is the r e su l t . 
Fo r each set of modes , the sum of the observed beat frequencies 
i s I/Q, as would be expected. The beat frequencies corresponding to fVQ 
and 2iv0 a r e slightly lower than the theore t ica l va lue . The e r r o r is 
' < • 
g r e a t e r for modes distr ibuted in the ver t ica l d i rect ion than for modes 
d is t r ibuted in the horizontal d i rec t ion . Modes dis t r ibuted ver t ica l ly a r e 
called mO m o d e s . It should be noted that the axial plane of the Brews te r 
window no rma l was al$o ve r t i c a l . Since rota t ion of one m i r r o r produces 
no change in these genera l observa t ions , they a r e not the r e su l t of 
aber ra t ion of the m i r r o r surface itself. Since t h e r e a r e no significant 
changes in the e r r o r s for different values of VQi frequency pushing or 
pulling effects a r e probably not the cause . 
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Table 4 . Additional T r a n s v e r s e Beat Frequency Data 
MHz 
Observed beat 







68.3 46 .7 0 . 5 mO modes 
21.8 93.2 0 . 8 
67.6 47 .4 1.2 On modes 
20.5 94.5 2 . 1 . 
67 .4 47 .6 1.4 left m i r r o 




2 1 . 5 
9 3 . 1 
4 6 . 7 
9 3 . 4 
4 7 . 3 





2 . 1 
slightly; On m o d e s . 
left m i r r o r st i l l 
lowered; mO m o d e s . 
r ight m i r r o r rotated 
1/4 turn; mO modes 
right m i r r o r stil l 
r o t a t e d ; On m o d e s . 
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Rigrbd e t a l . ,6bscerved t r a n s v e r s e beat frequencies but observed 
no differences with the i r experimental e r r o r . They did not give the i r 
exper imental e r r o r , but it easi ly could have been l a rge enough to mask 
the smal l differences observed h e r e . 
The Brews te r windows a re suspected as the cause of t he se e r r o r s . 
References 2, 6, 7, and 8 re fer to the effects of Brews te r windows on 
mode p a t t e r n s . These re ferences point toward the fact that the 
Brews te r windows c rea t e some as t igmat i sm, that i s , the m i r r o r s do not 
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appear spher ica l and a r e not axially s y m m e t r i c . Uchida re fe r s 
di rect ly to the effect of this a s t i gma t i sm on the frequency of modes of 
the same order but having different spatial d i s t r ibu t ions . 
In o rder to study these e r r o r s , two cases must be cons idered . 
The f i rs t is the e r r o r between the observed and theore t ica l values of flL for mO m o d e s . The second is e r r o  for On m o d e s . 
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A spher ica l m i r r o r , excited by a plane wave reflects a spher ica l 
wave of radius half that of the m i r r o r . What the m i r r o r looks like, in a 
sense , through the Brews te r window, may be evaluated by finding the 
shape of the wave front after it emerges from the window. 
Only a small port ion of the aper tu re of the m i r r o r is involved. 
Boyd and Kogelnik show that for a nonconfocal resona tor with m i r r o r s 
of curva ture b ' and separa t ion d theitt the confocal sys tem which will 
genera te the same phase fronts has separa t ion and m i r r o r radius of 
curva tu re b given by 
•V 2db' - d2 . 
In o rde r to l imit the calculations to be done, only the case of 
b ' = 1 m e t e r and d = 130.4 c m . will be considered, for which 
VQ = 115 MHz. For this case b = 0.95 m e t e r . For this equivalent con-
focal resona tor the function descr ibing the e lec t r ic field in the horizontal 
direct ion for the 10 mode or in the ver t i ca l for the 01 mode is 
g(x) =~y£zirx€ 
This is the descr ip t ion for the pa t te rn at the m i r r o r s of the r e sona to r . 
The point of g rea tes t intensity of the light pat tern can be found by differ-
entiating g(x) and setting it equal to z e ro . 
0=1- lllt U bX 
Therefore the dis tance from the axis of the resona tor at which the pat tern 
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is of g rea tes t intensity is 
•Va • 
Therefore , using another Boyd and Kogelnik relat ion, the dis tance from 
the axis to the br ightes t point, at any dis tance d/2 from the center is for 
the equivalent confocal or nonconfocal resona tor 
s = i v i i V1+i? 
At the resona tor center 
1 -,/bA. 
and for b = 0.95 m e t e r 
ŝ  = 0.23 m m . 
At the m i r r o r s s = 0.39 m m . The observed value was roughly 0.5 m m . 
For mO modes , a predict ion of the e r r o r s may be made by con-
sidering a spher ica l wave front of radius 0.5 m e t e r impinging on the 
Brews te r window in the horizontal plane as shown in Figure 5. The 
approximation is made in Figure 5 that if QL is very smal l , the distance 
T' is 7.62 m m . , the dis tance through the window shown in F igure 4 . 
F r o m Figure 6 
la. = T' t an6 
and 
li + la = T ' t a n a 
n= 1.48 
0.5 m . 
spher ica l 
wave front 
F igure 5. Spherical Wave Front Impinging On Brews te r 
Window in Horizontal Plane 
An enlarged view of F igure 5 is F igure 6. 
F igure 6. Detail of Figure 5 
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and 
A = 12 cos a = T'(tana - tan 6) cos a 
Now from Figure 5 
A 
r' = r + sin a 
. , T'(tana - tan 6) 
r + i— '-
tana 
r + T» - T» - — 
tana 
But OL is very small, being governed by the spot size s and the mirror 
focal length. It is about 0.001 radian, so 
r + T' - T ' - = r + T'(l - - ) = r + T'(l - - ) 
OL QL n 
= 0.5 + (0.00762)(0.325) = 0.5025 m. 
Therefore the apparent mirror b = 1.005 meters. Insertion of this value 
into equations (1) and (2) yields lVQ - 68.5 MHz. The theoretical value 
without Brewster windows is 68.8 MHz. and the observed value is 
68.3 MHz. Neglected in this calculation is the slight differences in dis-
tance traveled by rays through the window at different values of OL. The 
result of such effects would be to modify the shape of the emerging wave 
front slightly. This effect is probably negligible as can be shown approxi 
mately by referring again to Figure 6. The distance (ti — t0 ) is the 
increase in path length. Again 
eM a 
n 
and t h e r e f o r e 
t, = 
7 . 6 2 
1 cos 6 
and 
t0 = tx cos (a - 6 ) 
Now 
7 . 6 2 
tx " VHTP" 
o r , s i n c e Q i s v e r y s m a l l , 
t , ~ 7 . 6 2 1 + 
Sa 
S i m i l a r l y 
= — e T1" 
COS D I 
S 7 . 6 2 [ 
(a - 6 ) a 
"2 == 7 . 6 2 
~ T + aQ ~ 1 + T 
7 .62 l - f +ae 
With e x p r e s s i o n s for tx and t̂ , 
tx - t 0 = 7 .62 




2 + 2 
i a 8 1 + T 
«il 
5 6 . 6 ° . - a 
0 .5m. 
spher ica l 
wave front 
T = 6. 3 m m 
Figure 7. Sphericeil Wave Front Impinging Cn 
Brews te r Window In Ver t ica l Plane 
Using -an 01= 0: 001 
tx - t0 = 2. 14 x 10
 b m m . = 21.4 A 
This smal l difference in path length would cause a negligibly smal l f r e -
quency shift. 
F igure 7 i l lus t ra tes the geometry involved for the On m o d e s . The 
point at which the apparent focus of the spher ica l wave l ies is 
A A. 
r ' = r — + •*— 
sin a t a n a 
which for smal l QL is 
2 
(AD " A) 
r1 = r + - — a 
Snell 's ref rac t ive law gives 
. a s in(56.6° - Ci) s i n 9 = L _ _ _ 
and 
s in 5 6. 6 
in a, = s i  1.48 
And to complete the analysis 
and 
A = — 3 _ s i n ( 5 6 . 6 ° - a - e) cos 0 
^ d k sin(56.6--60) 
Numerica l computation from these formulas for severa l values of Oi 
gives the resu l t s in Table 5. 
Table 5. Effective Radius of Curvature for Various Values of a 
Oi b 






For a small range of Oi t he re is l i t t le change in b, much of the var ia t ion 
shown ar is ing in computation. A value for b of 101 c m . yields 
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fVQ = 68 .3 MHz. The value without windows is again 68.8 MHz. and the 
observed value is 67.6 MHz. Again the r ight o r d e r s of magnitude a r e 
obtained but the exact exper imental values a r e not obtained. 
Although the computations given do not yield resu l t s that check 
exactly with exper imental r e s u l t s , they seem to indicate that the 
Brews te r windows a r e a contributing factor if not the p r i m a r y cause of 
the e r r o r s observed . 
Mode Analysis F r o m Beat Frequency Studies 
Ea r ly in this r e s e a r c h , it was recognized that a be t t e r method for 
observing t r a n s v e r s e beats was evident beyond Goldsborough1 s method. 
It i s n e c e s s a r y , in o rde r to obtain beat f requencies , that the two 
light signals fall on the same a rea of the photomultiplier tube photo-
cathode. Use of an i r i s to block off everything but a port ion of the 
pa t te rn where two modes overlap should be a be t te r technique than m e r e 
blocking of l a rge a r e a s in Goldborough1 s m a n n e r . Since such a p r o c e -
dure also m o r e p rec i se ly defines from what a r e a s of the light pa t te rn 
the beats or iginate , identification of the modes p resen t in the l a s e r is 
faci l i ta ted. Also, the sensi t ivi ty l imitat ion imposed by the photomult i-
p l ier tube ' s max imum anode cur rent rat ing is l a rge ly lifted. All these 
techniques have proved useful in the foregoing exper iments and the ones 
following. Following a r e some exper iments in which observat ions of the 
beat frequencies , using the i r i s , were used to aid in determining the 
t r a n s v e r s e mode sets present in the l a s e r under var ious conditions of 
adjustment . No effort was made to de te rmine the number of longitudinal 
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modes present in each t r a n s v e r s e mode set because of equipment 
l imitat ions and the great difficulty of the p rob lem. The difficulty a r i s e s 
because in o rder to de te rmine the number of longitudinal modes p resen t 
in a single t r a n s v e r s e mode set , the equipment must be capable of 
detecting the beat frequency VQ (n — 1), where n is the number of longi-
tudinal modes p re sen t . The equipment used did not have the n e c e s s a r y 
bandwidth. Beat frequencies as high as 2v0 w e r e observed quite often, 
however . 
One of the m o r e novel modes investigated is the annular pa t te rn 
shown in Figure 8. This mode was studied by Goldsborough, who 
Figure 8. Annular Mode Pa t te rn Resulting F r o m 
Combination of 10 and 01 Modes 
concludes that it is the combination of a 10 and a 01 mode . The l a s e r 
was set into operation in this mode by careful adjustment . Using 
Goldsborough1 s technique of blocking l a rge a r e a s of the beam his o b s e r -
vations and resu l t s w e r e duplicated immedia te ly . Briefly he observed 
that beat frequencies appeared at 700 KHz. above and below the longi-
tudinal beat frequency and that these beat frequencies were weaker than 
the longitudinal one. Then an investigation was made using the i r i s . 
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With the beam unblocked, only the longitudinal beat frequency was seen . 
As explained by Goldsborough,, beats between t r a n s v e r s e modes can 
never be observed with an unblocked b e a m . This phenomenon i s due to 
the fact that the eigenfunctions descr ibing each mode form an 
orthogonal se t . Therefore the s ame beat frequency may a r i s e out of the 
superposi t ion of two modes at var ious points on the photomult ipl ier 
photocathode. The re la t ive phases of the beat f requencies will be such 
that they will cancel out and no beat frequency will be observed, With 
only the upper or lower or side edge exposed, the longitudinal beat f r e -
quency was observed with very weak beat frequencies 700 KHz. above 
and below the longitudinal beat frequency. This was due to imperfect 
coverage of the i r i s . Reference to F igure 9 aids in understanding these 
observa t ions . When an a r e a such as the upper r igh t hand port ion of the 
—- 10 mode 
- 01 mode 
F igure 9. Superposit ion of 01 and 10 Modes 
To F o r m Annular Mode 
pat tern was observed the longitudinal beat frequency appeared and the 
weak sidebeats mentioned r o s e to an ampli tude equal to that of the longi-
tudinal beat frequency. The reason for this resu l t is explained by 








F igure 10. Spectra l Diagram Explaining P r e s ence 
of Sidebeats With Longitudinal Beat Frequency 
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been explained as due to the effects of the Brews te r windows on the 
resonant frequencies of the cavity. It should be noted that use of the i r i s 
r e su l t s in the s idebeats observed on ei ther side of the longitudinal beat 
frequency being equal in amplitude to the longitudinal beat frequency. 
This would be expected with only one lobe of each rnode exposed. Use of 
the blocking technique leaves port ions of both lobes of each mode 
exposed and cancellat ion at the phot ©multiplier occurs as previously 
d i scussed . In this condition of l a s e r adjustment the re is usual ly a 
weak 00 mode p re sen t . This was evidenced in the las t ins tance above by 
very weak beat frequencies at 37 and 67 MHz. , which in this case were 
the t r a n s v e r s e beat frequencies expected between the 00 mode set and 
either the 10 or 01 mode s e t s . Adjustment of the i r i s so as to allow 
m o r e of the common a rea containing 10, 01, and 00 modes to fall on the 
photocathode of the photomultiplier tube inc reased the s t rength of these 
beat frequencies enormously . The beat frequencies occur red in pa i r s 
700 KHz. apar t at 37 and 67 MHz. Movement of the i r i s var ied the i r 
re la t ive ampli tudes as would be expected. These observat ions a r e quite 
in agreement with those of Goldsborough, but u s e of the i r i s enhances 
the observa t ions . 
F igure 11 is a sketch of another pa t te rn invest igated. The shaded 
^~^ <r"£ 
Figure 11. Mode Pa t t e rn Investigated 
a r e a s indicate fuzziness of the bas ic 23 mode pa t te rn that indicates the 
p resence of another mode . Visual inspection was not enough to d e t e r -
mine what other mode or modes were p r e sen t . Using the i r i s , the 
numbered a r e a s shown were examined. In each case , the longitudinal 
beat frequency and a single strong clean beat frequency at 64 MHz. 
appeared . The longitudinal beat frequency was 94 MHz. , and the 
t r a n s v e r s e beat frequency at 64 MHz. indicated A(m+n) equal to 1. 
Therefore , the modes possible a r e those where (m + n) is equal to 6 or 4 
The poss ib le modes a r e : 














Those modes marked with an "x" a r e not compatible with the observed 
pa t te rn because the unknown mode definitely appears to have m = 4 . But 
s ince the unknown pat tern extends up into the a r ea s marked 4 and 3, the 
4G mode is ruled out. Therefore 42 is the other t r a n s v e r s e mode set 
p r e sen t . It can be seen that much more complicated mode pat te rns 
would be difficult to identify. 
Sketched in F igure 12 is another pat tern invest igated. In this case , 
-tfgi. 
Figure 12. Another Mode Pa t t e rn Invest igated. 
the well defined br ightness of the four spots surrounding the middle give 
definite indication of the 11 mode se t . The actual pat tern was nowhere so 
well defined as shown. The mode sets 04 and 3 0 a r e suspected however . 
The very center of the pa t te rn yielded the longitudinal beat frequency. 
There were very weak signals at frequencies indicating A(m + n) - 1 and 2 
but these were probably due to incomplete blocking by the i r i s so that 
light from unwanted a r e a s of the pat tern reached the photomultiplier 
tube . These were ignored. 
Checking the four outermost lobes of the pa t te rn revealed only the 
longitudinal beat frequency. It appeared, the re fo re , that each a r e a i nves -
tigated contained only one mode . 
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Checking the a rea marked 1 revealed the longitudinal beat f r e -
quency and a strong beat indicating A(m+n) = 1. Such a beat frequency 
would occur with the suspected 04 and 30 modes p re sen t . 
Area 2 revealed the longitudinal beat frequency and beat f re -
quencies indicating A(m + n) = 1 were also presen t but were double, the 
two beat frequencies being separa ted about 3 MHz. One of the beat 
frequencies in each pair was somewhat weaker and l e s s stable in 
ampl i tude. 
The evidence compiled does not lead to a c lear cut solution. 
However, assumption of the p re sence of 11, 04, and 30 modes 
explains the resu l t s and is compatible with the observed pat tern if the 
double beat frequencies in a r ea 2 can be explained. The mode frequency 
d iag ram in F igure 13 is helpful. As shown in the d iagram, the beat 






F igure 13. Mode Frequency Diagram Explaining Split 
In T r a n s v e r s e Beat Frequency 
frequency indicating A(m + n) = 1, may a r i s e in two ways, f i rs t as a beat 
frequency between the 30 and 11 mode se t s , and as a beat frequency 
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between the 30 and 04 mode s e t s . The 04 and 11 mode se t s , however, 
a re very different in spat ial d is t r ibut ion. As has a l ready been shown, 
the resonant frequencies of modes of different spat ial distr ibution a re 
affected markedly by the Brews te r windows. This explanation seems to 
be the most l ikely. 
More complicated pat terns become more a m a t t e r of guess -work 
unless other methods a re used to supplement the information gained by 
observat ion of beat f requencies . For example, the pat tern shown in 
F igure 14 was studied. 
F igure 14. Another Mode Pa t t e rn Studied 
This pa t te rn appears to consis t of 20, 02 and 10 modes and perhaps 
some other m o d e s . With the i r i s adjusted to expose only the very center 
of the pat tern, the longitudinal beat frequency was observed clear ly , 
with beat frequencies .of approximately the s a m e ampli tude as the longi-
tudinal beat frequency 1.2 MHz. above and below. This resu l t could be 
explained by the p re sence of 20 and 02 modes s ince they have a common 
a r e a in the middle,. The 1.2 MHz. split is also probably about the r ight 
magnitude for the split which will cer ta inly exist between the two modes 
due to the Brews te r windows. No beat frequencies indicating 
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A(m + n)= 1 or 2 were found which means the 00 mode is evidently not 
p r e sen t . As a check on these r e su l t s , a knife edge was used inside the 
optical cavity to suppress some of the m o d e s . This procedure is d e s -
cribed by Goldsborough and is useful . Caution mus t be exerc i sed in 
in terpre t ing the r e s u l t s , however, for the suppress ion of some modes 
tends to cause the appearance of others not p resen t before . Using this 
technique revealed the p r e sence of the 02 mode set , a weaker 20 and the 
10 mode se t . The original conclusions seem just i f ied. 
Examination of the regions 5 and 3 revealed a beat frequency 
indicating A(m + n) = 1 with a weaker beat frequency 1.2 MHz. lower, 
and a longitudinal beat frequency with beat frequencies 1.2 MHz. above 
and below and much sma l l e r than before . Examinat ion of a r e a s 2 and 
4 revealed only the longitudinal beat frequency with beat frequencies on 
either side as in regions 5 and 3 . In each case the beat frequencies on 
each side of the longitudinal beat frequency probably resu l t from overlap 
of the 02 and 20 m o d e s . The A(m + n) = 1 beat frequency most likely is 
indicative of the p resence of the 10 mode previously d i scovered . 
Examination of the a r e a s between 5 and 1, and 3 and 1 revea l a 
longitudinal beat frequency with beat frequencies 1.2 MHz. above and 
below as la rge as the longitudinal beat frequency. This again is just the 
r e su l t of 02 and 20 modes beating toge ther . A single clean beat f r e -
quency indicating A(m + n)= 2 a p p e a r s . Beat frequencies appear 
indicating A(m + n)= 1 as shown in F igure 15. 
The resu l t s s eem to indicate that the modes p resen t a r e 20, 02, 
10, and 30. The s t range appearance of the beat frequencies shown in 
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F igure 16. Mode Spectrum Explaining Beat Frequencies in F igure 15 
The 60 KHz. split shown in the beat frequencies could be explained 
as the resu l t of a difference in the t r a n s v e r s e beat frequency between 
mode sets differing by the same A ( m + n ) . 
It is seen that the 60 KHz. split is explained as the resul t of a 
phenomena which was also advanced as the cause of a 3 MHz. split in 
the case previous to this one. This can be explained because in the 
previous case one of the modes , 04, was at right angles to the 30 mode . 
It has previously been shown that ver t ica l ly dis t r ibuted modes , that is 
ones of On type, suffer marked frequency shifts as compared to mO 




The equations giving the beat frequencies in t e r m s of the optical 
cavity dimensions do not include the effects of per turbat ions by the 
Brews te r windows commonly used to t e rmina te the gas tube. The 
Brews te r windows have considerable effect on the frequencies of 
observed beat f requencies . The longitudinal beat frequency is lower 
than the value for given dimensions because of the g r ea t e r path crea ted 
by the Brews te r windows. Modes of the same t r a n s v e r s e order but 
having different spatial dis tr ibut ions osci l la te at noticeably different 
frequencies chiefly as a resu l t of Brewster window perturbing effects. 
The per turbat ion becomes g rea t e r as the mode order i n c r e a s e s . 
Splitting of the longitudinal beat frequency is smal l for the l a se r 
considered but the longitudinal beat frequency is lower than the p r e -
dieted value also because of pulling effects which move each mode c loser 
to the l ine cen t e r . 
Beat frequencies occurr ing between pa i r s of modes where each 
pair differs by the same A(m-j-n) a r e not quite the s a m e . The r eason 
is the s a m e as that in the f i rs t paragraph, the per turbing effect of the 
Brewste r windows. 
The technique of investigating only smal l a r e a s of complex mode 
pat terns for beats is m o r e efficient than Goldsborough's method. 
41 
The video amplifier us ed in this r e s e a r c h may not have been useful . 
Noise from the photomultiplier tube could not be seen above that of the 
ampl i f ie r . A bet ter signal to noise ra t io migh t be had without the 
video ampl i f ier . 
A m o r e accura te investigation of beat frequencies will r equ i r e that 
the l a s e r be much m o r e stable than at p r e sen t . 
An invest igat ion of this type might make be t t e r u se of some of the 
cu r ren t ly available photodiodes in place of the photomult ipl ier . These 
diodes have super ior frequency response and r equ i r e l i t t le space or 
auxi l iary equipment. 
42 
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VIDEO AMPLIFIER 
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Ci = 0.02 MFD, 50V. 
Rx = 39K, 2 wat ts 
R2 - Rio = 18K, 1 watt 
R u = 1ZK, 1 watt 
Ri2 = 100K, 5%, i w a t t 
R13 = 50, f w a t t 
Figure A - 1 . Phtomult ipl ier Por t ion of Detection Assembly 
+ 2 4 V i 
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O U T P U T 
cx - 3 000 P F R i = 2 . 7 K Re = 2K 
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C4 = 1000 P F R4 = 100 L i = 0 . 0 7 jzH 
Ce = 0. 1 M F Rs = 270 Qi = 2N918 
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